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1 Introduction
In this paper we sketch our proof [7] of a Markov Theorem for the virtual braid group.
This theorem gives a result for virtual knot theory that is analogous to the result of the
Markov Theorem in classical knot theory. We have that every virtual link is isotopic to
the closure of a virtual braid, and that two virtual links, seen as the closures of two virtual
braids, are isotopic if and only if the braids are related by a set of moves. These moves are
described in the paper.
In this paper we shall follow the “L–Move” approach to the Markov Theorem (see [2, 3]
for a different approach). An L–move is a very simple uniform move that can be applied
anywhere in a braid to produce a braid with the isotopic closure. It consists in cutting
a strand of the braid and taking the top of the cut to the bottom of the braid (entirely
above or entirely below the braid) and taking the bottom of the cut to the top of the braid
(uniformly above or below in correspondence with the choice for the other end of the cut).
One then proves that two virtual braids have isotopic closures if and only if they are related
by a series of L–moves. Once this L–Move Theorem is established, we can reformulate the
result in various ways, including a more algebraic Markov Theorem that uses conjugation
2and stabilization moves to relate braids with isotopic closures. This same approach can be
applied to other categories such as welded braids and flat virtual braids (see [7]).
We first give a quick sketch of virtual knot theory, and then state our Markov Theorem
and the definitions that support it. The reader interested in seeing the details of this
approach should consult [6] and [7].
2 Virtual Knot Theory
Virtual knot theory is an extension of classical diagrammatic knot theory. In this extension
one adds a virtual crossing (see Figures 1 and 4) that is neither an over-crossing nor an
under-crossing. A virtual crossing is represented by two crossing arcs with a small circle
placed around the crossing point.
Virtual diagrams can be regarded as representatives for oriented Gauss codes (Gauss
diagrams) [4, 1]. Some Gauss codes have planar realizations, and these correspond to
classical knot diagrams. Some codes do not have planar realizations. An attempt to embed
such a code in the plane leads to the production of the virtual crossings.
Virtual knot theory can be interpreted as embeddings of links in thickened surfaces,
taken up to addition and subtraction of empty handles. In this way, we see that this theory
is a natural chapter in three-dimensional topology.
Isotopy moves on virtual diagrams generalize the ordinary Reidemeister moves for clas-
sical knot and link diagrams. See Figure 1, where all variants of the moves should be
considered.
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Figure 1 – Reidemeister Moves for Virtuals
Figure 2 – The Detour Move
Equivalently, virtual isotopy is generated by classical Reidemeister moves and the detour
move shown in Figure 2.
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4Figure 3 – The Forbidden Moves
The moves shown in Figure 3 are forbidden in virtual knot theory (although not in
some of its variants such as welded links). The forbidden moves are not consequences of
the notion of virtual equivalence. In working with the Markov Theorem for virtual knots
and links, we have to respect these constraints.
We know [4, 1] that classical knot theory embeds faithfully in virtual knot theory.
That is, if two classical knots are isotopic through moves using virtual crossings, then they
are isotopic as classical knots via standard Reidemeister moves. With this approach, one
can generalize many structures in classical knot theory to the virtual domain, and use the
virtual knots to test the limits of classical problems, such as the question whether the Jones
polynomial detects knots. Counterexamples to this conjecture exist in the virtual domain.
It is an open problem whether some of these counterexamples are isotopic to classical knots
and links.
3 The L-equivalence for Virtual Braids
Just as classical knots and links can be represented by the closures of braids, so can virtual
knots and links be represented by the closures of virtual braids [5, 2, 6]. A virtual braid
on n strands is a braid on n strands in the classical sense, which may also contain virtual
crossings. The closure of a virtual braid is formed by joining by simple arcs the corre-
sponding endpoints of the braid on its plane. It is easily seen that the classical Alexander
Theorem generalizes to virtuals [2, 6].
Theorem 1 Every (oriented) virtual link can be represented by a virtual braid, whose
closure is isotopic to the original link.
braid
Figure 4 – An Example of Braiding
5As in classical knot theory, the next consideration after the braiding is to characterize
virtual braids that induce, via closure, isotopic virtual links. In this section we define L–
equivalence of virtual braids. For this purpose we need to recall and generalize to the virtual
setting the L–move between braids. The L–move was introduced in [8, 9], where it was
used for proving the “one–move Markov theorem” for classical oriented links (cf.Theorem
2.3 in [9]), where it replaces the two well-known moves of the Markov equivalence: the
stabilization that introduces a crossing at the bottom right of a braid and conjugation that
conjugates a braid by a crossing.
Definition 1 A basic virtual L–move on a virtual braid, denoted Lv–move, consists in
cutting an arc of the braid open and pulling the upper cutpoint downward and the lower
upward, so as to create a new pair of braid strands with corresponding endpoints (on the
vertical line of the cutpoint), and such that both strands cross entirely virtually with the
rest of the braid. (In abstract illustrations this is indicated by placing virtual crossings on
the border of the braid box.)
By a small braid isotopy that does not change the relative positions of endpoints, an
Lv–move can be equivalently seen as introducing an in–box virtual crossing to a virtual
braid, which faces either the right or the left side of the braid. If we want to emphasize
the existence of the virtual crossing, we shall say virtual Lv-move, denoted vLv–move. In
Figure 5 we give abstract illustrations. See also Figure 10 for a concrete example.
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Figure 5 – A Basic Virtual L–move Without and With a Virtual Crossing
Note that in the closure of a vLv–move the detoured loop contracts to a kink. This
kink could also be created by a real crossing, positive or negative. So we have:
Definition 2 A real Lv–move, abbreviated to +Lv–move or −Lv–move, is a virtual L–
move that introduces a real in–box crossing on a virtual braid, and it can face either the
right or the left side of the braid. See Figure 6 for an illustration.
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Figure 6 – Left and Right Real Lv–moves
If the crossing of the kink is virtual, then, in the presence of the forbidden moves, there
is another possibility for a move on the braid level, which uses another arc of the braid,
the ‘thread’.
Definition 3 A threaded virtual L–move on a virtual braid is a virtual L–move with a
virtual crossing in which, before pulling open the little up–arc of the kink, we perform a
Reidemeister II move with real crossings, using another arc of the braid, the thread. There
are two possibilities: A threaded over Lv–move and a threaded under Lv–move, depending
on whether we pull the kink over or under the thread, both with the variants right and left.
See Figure 7 for abstract illustrations.
Figure 7 – Left and Right Threaded Under Lv–moves
Note that a threaded virtual L–move cannot be simplified in the braid. If the crossing
of the kink were real then, using a braid RIII move with the thread, the move would reduce
to a virtual L–move with a real crossing. Similarly, if the forbidden moves were allowed, a
threaded virtual L–move would reduce to a vLv–move.
7Remark 1 As with a braiding move, the effect of a virtual L–move, basic, real or threaded,
is to stretch an arc of the braid around the braid axis using the detour move after twisting it
and possibly after threading it. On the other hand, such a move between virtual braids gives
rise to isotopic closures, since the virtual L–moves shrink locally to kinks (grey diagrams
in Figures 6 and 7).
Conceivably, the threading of a virtual L–move could involve a sequence of threads and
Reidemeister II moves with over, under or virtual crossings, as Figure 8 suggests. The
presence of the forbidden moves does not allow for simplifications on the braid level. We
show in [7] that the multi–threaded Lv–moves follow from the simple threaded moves.
Figure 8 – A Right Multi-Threaded Virtual L–move
We finally introduce the notion of a classical L–move, adapted to our set–up.
Definition 4 A classical Lover–move resp. Lunder–move on a virtual braid consists in
cutting an arc of the virtual braid open and pulling the two ends, so as to create a new pair
of braid strands, which run both entirely over resp. entirely under the rest of the braid,
and such that the closures of the virtual braids before and after the move are isotopic.
See Figure 9 for abstract illustrations. A classical L–move may also introduce an in–box
crossing, which may be positive, negative or virtual, or it may even involve a thread.
In order that a classical L–move between virtual braids is allowed, in the sense that
it gives rise to isotopic virtual links upon closure, it is required that the virtual braid has
no virtual crossings on the entire vertical zone either to the left or to the right of the new
strands of the L–move. We then place the axis of the braid perpendicularly to the plane,
on the side with no virtual crossings. We show in [7] that the allowed L–moves can be
expressed in terms of virtual L–moves and real conjugation. It was the classical L–moves
that were introduced in [9], and they replaced the two equivalence moves of the classical
Markov theorem. Clearly, in the classical set–up these moves are always allowed, while the
presence of forbidden moves can preclude them in the virtual setting.
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Figure 9 – The Allowed Classical L–moves
In Figure 10 we illustrate an example of various types of L–moves taking place at the
same point of a virtual braid.
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Figure 10 – A Concrete Example of Introducing L–moves
4 The L–move Markov Theorem for Virtual Braids
It is clear that different choices when applying the braiding algorithm as well as local
isotopy changes on the diagram level may result in different virtual braids. In the proof of
the following theorem we show that real conjugation (that is, conjugation by a real crossing)
and the Lv–moves with all variations (recall Definitions 1, 2 and 3) capture and reflect on
the braid level all instances of isotopy between virtual links.
Theorem 2 (L–move Markov Theorem for virtuals) Two oriented virtual links are
isotopic if and only if any two corresponding virtual braids differ by virtual braid isotopy
and a finite sequence of the following moves or their inverses:
(i) Real conjugation
(ii) Right virtual Lv–moves
9(iii) Right real Lv–moves
(iv) Right and left threaded Lv–moves.
Moves (ii), (iii), (iv) together with their inverses shall be called collectively virtual L–moves.
Virtual L–moves together with virtual braid isotopy generate an equivalence relation in the
set of virtual braids, the L–equivalence.
5 Algebraic Markov Equivalence for Virtual Braids
In this section we reformulate and sharpen the statement of Theorem 4.1 by giving an
equivalent list of local algebraic moves in the virtual braid groups. More precisely, let V Bn
denote the virtual braid group on n strands and let σi, vi be its generating classical and
virtual crossings. The σi’s satisfy the relations of the classical braid group and the vi’s
satisfy the relations of the permutation group. The characteristic relation in V Bn is the
mixed relation relating both: viσi+1vi = vi+1σivi+1.
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Figure 11 – The Moves (ii), (iii) and (iv) of Theorem 3
The group V Bn embedds naturally into V Bn+1 by adding one identity strand at the right
of the braid. So, it makes sense to define V B∞ :=
⋃∞
n=1 V Bn, the disjoint union of all
virtual braid groups. We can now state our result.
Theorem 3 (Algebraic Markov Theorem for virtuals) Two oriented virtual links are
isotopic if and only if any two corresponding virtual braids differ by braid relations in V B∞
and a finite sequence of the following moves or their inverses:
(i) Virtual and real conjugation: viαvi ∼ α ∼ σi
−1ασi
11
(ii) Right virtual and real stabilization: αvn ∼ α ∼ ασ
±1
n
(iii) Algebraic right over/under threading: α ∼ ασ±1
n
vn−1σ
∓1
n
(iv) Algebraic left over/under threading:
α ∼ αvnvn−1σ
∓1
n−1vnσ
±1
n−1vn−1vn
where α, vi, σi ∈ V Bn and vn, σn ∈ V Bn+1 (see Figure 11).
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